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Abstract. We study some qualitative properties of global solutions to the 
following focusing and defocusing critical NLW: 

□« + A?i|«p*"^ = 0, AeR 
«(0) = / e i/i(R"),9t«(0) = 3 e L^{IC) 
on R X R" for n > 3, where 2* = . We will consider the global solutions 
of the defocusing NLW whose existence and scattering property is shown in 
[17], [3] and [2], without any restriction on the initial data (/, g) G ij^(R") X 
L^(R"). As well as the solutions constructed in [15] to the focusing NLW for 
small initial data and to the ones obtained in [9] , where a sharp condition on the 
smallness of the initial data is given. We prove that the solution n(t, x) satisfies 
a family of identities, that turn out to be a precised version of the classical 
Morawetz estimates (see [13]). As a by— product we deduce that any global 
solution to critical NLW belonging to a natural functional space satisfies: 



Viva ^ [ [ \'^xU 
R^oo H JtlJ\x\<R 



(t, z)!^ dxdt 



lim — / / {|V 



i< 

2A * 

u{t,x)\'^ -\ \u{t,x)\^ ) dxdt 

x\<R 2* 

2A 

(|Vt,^«(0,a;)p + — |m(0,x)|2 ) dx. 



2* 

In this paper we study some qualitative properties of solutions to the following 
family of Cauchy problems: 

(0.1) au + Xu\uf'^^ = 0, X eR, 

u{0) = fe ffi(R"),9tu(0) = 5 e i'(R"), 
{t,x) e R X R",n > 3, 
where 2* = and □ = - ^"^i dl^. 
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Notice that if A = 0, then (0.1) reduces to the Hnear wave equation. Since now 
on we shall refer to the Cauchy problem (0.1) with A > 0, as to the dcfocusing 
critical NLW (similarly the focusing critical NLW will be the Cauchy problem 
(0.1) with A < 0). 

Along this paper we shall work with solutions u{t,x) belonging to the following 
space: 

(0.2) X = C(R;iji(R")) nCi(R;L2(R")) 

nL-^ (R X R") n Lip^ (R; Bj^ (R")). 

n-l 

We shall also assume that the conservation of the energy is satisfied by the 
solutions u{t,x), i.e. 

r 2A 
(0.3) / {\Vt,MT,x)f + —\u{T,x)\'' ) dx = const VT G R. 

Let us recall that the global well-posedness of the defocusing NLW has been 
studied in [7] provided that the initial data (/, g) are regular. 

Actually the global well-posedness of the defocusing Cauchy problem (0.1) has 
been studied in [17] for initial data (/,<?) in the energy space i7^(R") x L^(R"). In 
[3] and [2] the same problem has been analysed from the point of view of scattering 
theory (see also [14]). In particular by combining the results in [3] and [17] it can 
be shown that for every A > and for every initial data (/, g) S ij^(R") x L^(R"), 
there exists a unique solution u{t, x) to (0.1) that belongs to the space X introduced 
in (0.2) and moreover (0.3) is satisfied. 

Concerning the global well-posedness of the focusing NLW, it is well-known 
that for every initial data (/, fit) G ^^(R") x L^(R") small enough, i.e. 

(iV^/P + LgP) dx<e(|A|) 

R" 

for a suitable e(|A|) > 0, there exists a unique global solution to (0.1) belonging to 
the space X above and moreover (0.3) is satisfied. For a proof of this fact see [15]. 

In the paper [9] a much more precised version of the smallness assiimption re- 
quired on the initial data is given in order to guarantee the global well-posedness 
of the focusing critical NLW. In order to describe the result in [9] let us introduce 
the function W{x) G ^^(R") defined as follows: 

W{x) = ^ — —. 

Then in [9] it is shown that the Cauchy problem (0.1) with A = — 1, has a unique 
global solution in the space X introduced in (0.2), provided that: 

(0.4) / (|V./p + |5p-^|/|^*)rfx< / {\V,W\^-'^\wf)dx 
Jr" n jRn n 

and 

(0.5) j |V,/|2 dx< j IV.W^p dx. 

Moreover in [9] it is proved that blow-up occur provided that / and g satisfy (0.4) 
and / |V^/|2 dx> j |V^W|2 dx. 

It is also well-known that (0.3) is satisfied by the solutions constructed in [9]. 
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Our aim in this paper is to analyse some qualitative properties of global solutions 
to (0.1) in both focusing and defocusing case, provided that such a global solutions 
exist and belong to the space X. We are mainly interested on the asymptotic 
behaviour for large i? > 0, of the following localized energies associated to the 
solutions u{t,x) of (0.1): 

(0.6) 4 / / dxdt, 

-K Jr J\x\<R 

(0-7) ill \^t,xuf dxdt and ^ [ [ i\Vt,:,uf + ^\uf) dxdt. 

^J-R.J\x\<R ^JtlJ\x\<R ^ 

Let us recall that the localized energies (0.6) were first obtained in [10] following 
the ideas in [1]. In this work we shall describe the asymptotic behaviour of the 
energies (0.6) and (0.7) as a consequence of a family of energy identities satisfied 
by the global solutions to (0.1). 

In our opinion those identities have its own interest since they represent a pre- 
cised version of the classical Morawetz inequalities, first proved in [13]. 

Since now on we shall denote by X the space defined in (0.2). Next we state the 
first result of this paper. 

Theorem 0.1. Let (/,g) € iji(R") x l^^K^) andXGTL be such that there exists 

a unique global solution u{t, x) £ X to (0.1). Assume moreover that u{t,x) satisfies 
(0.3). Let ip : R" — > R 6e a radially symmetric function such that: 

(v/rTN^)A,v, A^V-, G i°°(R") Vi,i = 1, ...,n 

and 

lim di^i^p = ^'(oo). 
Then we have the following identity: 

(0.8) / / {V,uDl7pV,u-hu\''Al^+-\ufA,ij) dxdt 

JRJR" 4 n 

= ^'(^) J^J\V,f\' + ^\ff + \g\') dx. 

Remark 0.1. Let us point out that the hypothesis of theorem 0.1 arc satisfied by 
the solutions constructed in [17] for defocusing NLW and in [15], [9] for the focusing 
NLW. 

Remark 0.2. Let us underline that the identity (0.8) represents a precised version 
of an inequality proved in [13], where (0.8) is stated as an inequality and not as an 

identity in the special case -0 = \x\. 

Remark 0.3. The same type of identities as in theorem 0.1, have been proved in 
the context of the linear Schrodinger equation in [19] and [21] respectively in the 
free and in the perturbative case. The i^-critical NLS has been analysed from 
the same point of view in [20]. However the result stated for the critical NLW in 
theorem 0.1 is much more precise compared with the one in [20] for NLS. 
One of the main differences between NLS and NLW is that in the former case 
an explicit representation of the asymptotic behavior of the solutions to the free 
Schrodinger equation is involved in the argument, while in the case of NLW it is 
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not necessary. In this case one of the fundamental ingredients is the equipartition 
of energy, see Propositon 2.1 below. 

Remark 0.4. Another difference between NLW and NLS, is that on the r.h.s. in 
(0.8) we get a quantity that is preserved along the evolution for NLW, while in 
case of NLS we get the 2 -norm of the initial data, that is not preserved along 
the evolution for NLS. 

Due to the freedom allowed to the function ^ in theorem 0.1, we can deduce the 
following result. 

Theorem 0.2. Let {f,g) € iii(R") x L'^iW), X G B. and u{t,x) € X be as in 

theorem OA. Then we have: 




Moreover 



(0.10) lim 4 / / |VrM|^ dxdt = lim / / I^P* dxdt = 0, 

1^^°^ ^ J-R.J\x\<R ^ J-ElJ\x\<R 

where d\x\ and represent the radial derivative and the tangential part of the 
gradient respectively. 

Notice that theorem 0.2 concerns mainly the concentration of the spatial gradient 

of the solution. Next wo shall present another family of identities that will allow 
us to study also the behaviour of the energies connected with the time derivative 
of u{t,x). 

Theorem 0.3. Let {f,g) e iji(R"-) x L'^(R"'), X G H and u{t,x) € X be as in 
theorem 0.1. Let ip : R" — > R 6e a function that satisfies the following conditions: 

A^ip, (ar)^ e L°°(R"). 

Then the following identity holds 

(0.11) / / [{\dtu\''-\V^u\''-X\uf)<p+l\u\''A^ip\dxdt = 0. 

In particular we get: 



(0.12) 

and 
(0.13) 




Remark 0.5. Notice that (0.12) can be considered as a different version of the 
classical equipartition of the energy (see [4]), whose classical version can be stated 
as follows: 

(0.14) lim / {\dtu{t,x)\^ -\Vxu{t,x)\'^) dx = 0. 
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Next we shall fix some notation. 

Notation. 
For any 1 < p,q < oo 

LP and L^Ll 

denote the Banach spaces 

Lf(R") andif(R;i:«(R")), 

and in the specific case p = q we also use the notation 

Ll,^LP{R;LP{R-)). 

We shall denote by Z/*''5(R") the ususal Lorentz spaces and by 2(1^") Besov 
spaces. 

For every 1 < p < 00 we shall use the following mixed norm for functions defined 
on R^: 

(0.15) 11/11^^^, = sup / \u{rcj)\'>d^ 

where 

52 = {w G R3||a;| = 1} 
and du! denotes the volume form on S. 

We shall denote by the homogeneous Sobolev space H^{R^). 

Given any couple of Banach spaces Y and Z, wc shall denote by jC{Y, Z) the space 

of linear and continuous functional between Y and Z. 

We shall denote by 

Ct{Y) andCi(r) 

respectively the spaces 

C(R;r) andCi(R;r) 
where K is a generic Banach space. 

We shall denote by LP{Y) the space of functions defined on R and valued in Y . 
We shall denote by X the functional space introduced in (0.2). 
Given a space^ime dependent function w{t,x) we shall denote by w(io) the trace 
of w at fixed time t = to, in case that it is well-defined. 

We shall denote by / ... dx, J ... dt and / / ... dxdt the integral of suitable functions 
with respect to space, time, and space-time variables respectively. 
When it is not better specified we shall dc;note by the gradient of any time- 
dependent function v{t, x) with respect to the space variables. Moreover and 
d\x\ shall denote respectively the angular gradient and the radial derivative. 
If V' G C^(R"), then D'^ijj will represent the hessian matrix of ij). 
Given a set ^ C R" wc denote by XA its characteristic function. 
The ball of radius i? > in R" shall be denoted as B^. 
We shall use the function 

{x) = ^/l + W- 
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1. On the Strichartz estimates for critical NLW 

Recall that by combining the papers [17] and [3], it follows that the defocusing 
NLW is globally well-posed in the Banach space introduced in (0.2) and moreover 
the following properties hold: 

lim \\u{t)\\Li' =0 

and 

u{t,x)€Lf^Bin+r, (R"). 

n-1 

In the next proposition we gather some known facts that we shall use later on. 
The main point is that it applies to both focusing and defocusing NLW. 

Proposition 1.1. Let {f,g) e ^^^(R") x L'^CR") and A G R &e such that there 
exists a unique global solution u{t,x) € X to (0.1). Then we have: 

(1.1) u{t,x)eLrHt, 

(1.2) hm \\u{t)h.,=0; 

(1.3) u{t, x) G Lf^Bl^ (R"). 

n-l 

Proof. For simplicity we shall prove (1.2) only in the case t ^ oo and we shall 
also show boundedness of ||w(f)||jji only for t > 0. The other cases can be treated 
in a similar way. 

First step: u{t, x) G L'^H^ 
Since we are assuming 

2(r. + l) 

u{t,x) gX c Lt,r' > 
we can deduce by standard techniques in nonlinear scattering that u{t, x) is asymp- 
totically free. This means that there exists {f^,g~^) G x such that: 

(1.4) lim \\u{t) - u+{t)\\Hi + \\dtu{t) - dtu+{t)\\Li = 0, 

t— >CX) a! " 

where 

□u+ = 
u+{0)=f+,dtu+{0)=g+. 
The following computation is trivial: 

(1.5) sup{\\VMt)hl + \\dMt)hi) 

< sup \\WMt) - VxU+(i)||L^ + sup \\V^u+{t)\\Li 

t£R tGR 

+ suip\\dtu{t) -dtU+{t)\\L2 + sup \\dtU+{t)\\Li < oo, 
ten teR 

where at the last step wc have used (1.4) and the conservation of the energy for 

solutions to free wave equation. 

Second step: u{t,x) G L^L^ and proof of (1.2). 
By combining the previous step with the Sobolev embedding: 

(1-6) HlcLl', 
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we deduce that 

u{t,x)eLrLl\ 

On the other hand by combining again the Sobolev embedding with (1.4) we get: 
(1.7) hm \\u{t)\\L2, < lim{\\u{t)-u+{t)\\L2,+\\u+{t)U.,)=0, 

t — >cx> * t — *oo ^ ^ 

where at the last step we have used proposition 6.1 in appendix I. 

Third step: proof of (1.3) 
Once (1.2) has been shown, then the proof of (1.2) follows as in [3]. 

□ 

2. On the asymptotic behaviour of free waves 

First we present a proposition whose content is well-known in the literature. 
However in Appendix II we shall present a self-contained proof. 

Proposition 2.1. Let u{t,x) G Ct{Hl) n C^{L^) be the unique solution to: 

□u = (t, x) e R X R", n > 3 

u{0) = fGHl,dtu{0)=g€Ll. 
Then the following facts occur: 

(2.1) \\dtu{t) ± d\^\u{t)\\Li = o(l) as t ±00, 

(2.2) lim [\VMt)\^dx= lim [ \dtu{t)\^ dx 

t— '■itoo J t^^OO J 

= \ j{W.f? + \9?)dx; 

(2.3) / {\dtu{t)\^ + |Vxu(t)n dx = o(l) as t ±oo; 

J2\x\<\t\ 

(2.4) j \Vru{t)\^ dx = o(l) as t ±oo; 

In particular, in the case {f,g) € Cq°(R") x Cq°(R") we get the following stronger 
version of (2.1) and (2.3); 

(2.5) \\dtu{t)±d\^\u{t)\\Li=o(^] as t^ioo. 



t 



and 

(2.6) ^ ^{\dtu{t)f + \VMt)f)dx = o(J^^ ast^±oo. 

Proof. See Appendix II. 

□ 

Next we shall study some asymptotic expressions involving solutions to the free 
wave equation with initial data in the energy space x L^. Those expressions 
will play a fundamental role in the sequel. 
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Lemma 2.1. Assume that u{t,x) S Ct{Hl) nC(^(L^) solves: 
(2.7) Du = 

uiO)=f eHl,dtu{0)=geLl. 
Let tl) : R" — > R 6e a radially symmetric function such that the following limit 



exists: 



Then 



lim d\x\'ip = ip'{oo) € (0,oo). 

|x|— >oo 



(2.8) ^ Hrn^ J dtu{t)WMt) ■ V.V dx = T^V''(cx)) J (|V,/|2 + dx. 

Proof. We shall study only the case i ^ oo (in fact the case t — oo reduces to 
the previous one since v{t, x) = u{—t, x) is still a solution to the free wave equation 
and its behaviour at infinity is related to the behaviour of u{t, x) as t — > — oo). 

Notice that we have: 



(2.9) 



/ dtu{t)Vxu{t) ■ V^ip dx 

J2\x\<t 

< JiIVx^IIl- / {\dMt)f + \VMt)f) dx 

^ J2\x\<t 



2|a;|<t 

that due to (2.3) implies: 



I2\x\<t 

Next notice that due to (2.1) we have 



lim / dtu{t)'SI xu(t) ■ Va;V' dx = 0. 

J2\x\<t 



(2.10) lim / dtu{t)Vxu{t) ■ V^V' dx 

= lim / dtu(t)dMu(t)d\x\ip dx = — lim / \dtu(t)\^du\ip dx. 

*^°°J2\x\>t *^°^J2\x\>t 

On the other hand we have 

inf {d\^\'ip) / \dtu{t)f dx< \dtu{t)\^dMip dx 

2kl>* J2\x\>t J2\x\>t 

< sup {d\^\i)) / \dtu{t)\'^ dx. 

2\x\>t J2\x\>t 

Then due to the assumption done ond\x\'^ implies 

(2.11) lim / \dtu{t)\^ d\^\ip dx = ip' {oo) \\TSi [ \dtu{t)\^ dx 

*-^°°J2\x\>t *^°°J2\x\>t 

provided that the last limit exists. By combining (2.9), (2.10) and (2.11) we deduce 
that the proof will be concluded provided that we can show 



(2.12) lim / \dMt)f dx = l f {\Vxff + \gf) dx. 
On the other hand we have 

(2.13) lim / \dtu{t)\^ dx 

*^°°J2\x\>t 
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= lim / \dtu{t)\^ dx - lim / \dtu{t)f dx 
= \j (|V./|^ + \g?) dx 



where we have used (2.2) and (2.3). 



□ 



Lemma 2.2. Assume that u{t,x) e Ct{H]^)r\Cj{Ll) solves (2.7). Lei </> : R" ^ R 
be a radially symmetric function such that: 

{x)<t> G 

Then we have 

(2.14) lim / dtu(t)u(tU dx = 0. 

t^±ooJ 

Proof. As in the proof of lemma 2.1 it is sufficient to consider the limit for <; ^ oo. 

First notice that by combining the decay assumption done on (p with the Hardy 
inequality we get 



I J dtu{t)u{t)ci> dx\ < \\dtu{t)\\Li\Ht)(l)\\ 



LI 



< C{\\dtu\\l-, + ||Vx«||i2) = const yt G R. 

a; a; 

Due to this fact it is easy to show that by a density argument it is sufficient to 

prove (2.14) under the assumptions that (/,,g) G C^(R") x C^(R"). Notice that 
if u{t, x) is a regular solution to (2.7), then we have 

^ J \u{t)f dx = 2j {\dtu{t)\^ - dx, 

that due to (2.2) implies 

(f f 

— / \u{t)\'^ dx = o(l) as t ^ cx). 
dt^ J 

After integration of this identity wo get: 

J \u{t)f dx = J dx + 2t{ J fg dx) + oit^), 

and hence 



(2.15) J \u{t)f dx = o{t'^) as i ^ 00. 

j dtu{t)u(t)(t) dx = I{t) + II{t), 
I{t) = / dtu{t)u{t)(t) dx, 

J2\x\>t 

II{t) = I dtu{t)u{t)<j) dx. 

J2\x\<t 



Next notice that we have: 
where 

I(t)^ 

f2\x\>t 



and 

Hit) ^ 

l2\x\<t 
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Notice that due to the decay assumption done on (f> we have 



I J2\x\>t 



\u{t)dtu{t)\ dx 



< ^\\<mLl\\dtu{t)\\Li = o{l)\\dtu{t)\\Li, 
where we have used (2.15). In particular we get: 

hm \I{t)\ = 0. 

On the other hand due to (2.15) and (2.6) we have: 



\im\ < Ml 

and hence 

The proof is complete. 



2\x\<t 



\u{t)\^ dx 



2\x\<t 



\dtu{t)\^ dx 



= Com-), 



lim |J/(i)| =0. 



□ 



3. Proof of theorem 0.1 

We shall need the following propositions. 

Proposition 3.1. Assume that u{t,x) e X is a global solution to (0.1) in dimen- 
sion n > 3 for some A e R and {f,g) G x L^. Assume moreover that u{t,x) 
satsifies (0.3). Then we have: 



hm / dtuCtWxuit) ■ Wxi'ix) dx 

t— >±oo J 

i^'(oo) l^^{\Vjf + ^\ff+\g\^)dx, 



where ip : R" H is a radially symmetric function such that the following limit 
exists 

lim = V''(oo) e (0, oc), 

\x\ — ^oo 

Proof. As in the proof of proposition 1.1 we only treat the case f — > oo. Let 
W^it, x), f'^,g~^ be as in the proof of proposition 1.1. 
As a consequence of (1.4) we deduce that: 



(3.1) 



lim 

t—^oo 



/ dtu{t)Vxu{t) ■ Vxi) dx 
'J 

= lim / atM+(t)VxW+(i) • Vxi/J dx 



= lim-iv'(oo) /(|V./+r + |5+nrfx 
= lim - Jv'(oo) / (|V.n+(OP + Idtu+it)^) dx, 

t—>oo 2 J 



ON THE EQUIPARTITION OF ENERGY 



11 



where we have used lemma 2.1 and the conservation of the energy for the free 
wave equation. Next notice that by combining (1.4), (3.1), the Sobolev embedding 
H^. C L"^ and the conservation of tlie energy for solutions to critical NLW we get: 

lim / dtu{t)Vxu{t) ■ VxV' dx 

= ^lim --V'(^) j (|V.u+(i)r + \dtu+{t)\' + -\u+{t)r - -\u+{t)r) dx 

1 f 9\ 9\ 

= lim--i;'{^) J {\VMt)f + \dMt)\' + -\u{t)f - ^\u+{t)f) dx 

= -^#M|(K/P + |9|^ + ^|/r)rfa.+ A^V)/im I \u+{t)r dx 



where we have used lemma 2.8 and the property 
(3.2) lim / \u+{t)f' dx = 0. 

The proof of (3.2) can be found in Appendix I. 



□ 



Proposition 3.2. Assume that u(t,x) € X is a global solution to (0.1) in dimen- 
sion n > 3 for some A € R and (/, g) G x . Let (j) : R" R be a radially 
symmetric function such that 

then we have 

(3.3) lim / dtu{t)u{t)(j) dx = 0. 

Proof. As in proposition 1.1 it is sufficient to treat the case < ^ oo. 

Let x), /"""(a;) and g'^{x) be as in the proof of proposition 1.1. Notice that 
due to the decay assumption done on cf) and due to the Hardy inequality we deduce 

that 

(3.4) Yimmu{t)-u+{t))Ui 

t— >CX) 

< C lim \\Vu{t) - Vu+(i)||z,2 = 

where at the last step we have used (1.4). On the other hand due again to (1.4) we 

have: 

(3.5) \im\\dtu{t)-dtU+{t)\\L.=Q. 

t— >(X) " 

By combining (3.4) and (3.5) we deduce that 

hm / dtu{t)u{t)(f) dx = hm / dtW^ {t)u^ {t)(j) dx = Q 

t — >oo / t — yoo J 

where at the last step we have used (2.14). 

□ 
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Proof of theorem 0.1. Following [16] we multiply the equation (0.1) by Vx'4' 
VkW + ^Aj^V^i in order to get after integration by parts: 

i-T 



// 

J-T Jb 

= ^ (^T ^ dM±T)VMT) ■ + ^9t«(±T)u(±T)A,^ dx 

The proof can be completed by taking the limit as T ^ oo and by using propositions 
3.1 and 3.2. 

□ 

4. Proof of theorem 0.2 

We start this section with some preliminary results that will be useful along the 
proof of theorem 0.2. 

Proposition 4.1. Let {f,g) e i?i(R") x L'^i'R") and X e K be such that there 
exists a unique global solution u(t, x) ^ X to (0.1) for n > 3. Then: 



(4.1) 

and in particular: 
(4.2) 



dxdt < 00, 



lim — 

R^co R 



\uf dxdt = 0. 



Br 



Proof. Notice that due to the Holder inequality in Lorentz spaces we get: 



/ 



1 



{x) 



|2* 



where: 



I.e. 



6i(n2 - 2n - 1) 1 



+ 



^,2 I 

L"^-^"-! (R") 

n- 1 



|2*(l-0) 



2n(n+l) ' 2* 2*n 
^ (n + l)(n-2) 



n(n — 1) 

By combining the previous inequality with the Sobolev embedding: 

Hi C L2*'2(R") 

and 



^t+i).(R")cL^^^'^(R"), 



we get: 



// 



1 „. ^("+1) 

-TtH dX<C\\u\\ "2(n+l) 1 
[X) J „-i ^5 



2(n + l) 



(R") 



where at the last step we have used (1.1) and (1.3). The proof of (4.1) is com- 
plete. Notice that (4.2) follows by combining (4.1) with the dominated convergence 
theorem. 



□ 
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Proposition 4.2. Let {f,g) & x L'^ and A G R 6e such that there exists a 
unique global solution u{t,x) G X to (0.1) with n>3. Then we have: 

(4.3) ^lim J J \A^(t)R\\uf' dxdt = 0, 
where (j) is a radially symmetric function such that 

< ^ 

and 4)R = R(j) {^). 

Proof. By assumption we have 

(4.4) J J \A^(l>R\\uf dxdt 



■II 



C 



-r-r|w| dxdt ^ as i? oo, 

where at the last step we have combined the dominated convergence theorem with 
(4.1). 

□ 

Proposition 4.3. Let {f,g) € Hi x L^ and A e R 6e such that there exists a 
unique global solution u{t,x) G X to (0.1) for n>3. Then u{t,x) satisfies: 

(4.5) lim 4t / / I^P dxdt = 0. 



In order to prove proposition 4.3 we shall need some lemma. In particular next 
result will be particularly useful along the proof of proposition 4.3 in the case n = 3. 

Lemma 4.1. Let u{t,x) G Ci{Hl) n C}{Ll) be the unique solution to 

au = F e L\lI, {t, ;r) e R X R^ 

u{{)) = f e Hl,dtu{{)) = g e Ll. 

For every 1 < p < oo there exists a constant C = C{p) > such that the following 
a-priori estimate holds: 

Ml^.l^l^^ < CiWfW^^ + \\gh2 + IIFLj^.). 

Proof. In [12] it is proved the following estimate for every 1 < p < oo: 

M^L^L^^<Ci\\fU. + \\ghi) 

where u{t,x) € Ct{Hl) nC^ (L^) is the unique solution to: 

□w = 

u{0) = feHl,dtu{0)=gGLl. 

The proof of lemma 4.1 in the case F{t,x) ^ follows easily by combining the 
previous estimate with the Minkowski inequality and the Duhamel formula. 

□ 
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Lemma 4.2. Let {f,g) £ H]^ x and A G R &e such that there exists a unique 
global solution u{t, x) G X to (0.1) for n > 3. Then we have: 

(4.6) ||u(f, a;)|| < oo w/ien n > 4 
and 

(4.7) < 00 VI < p < 00 when n = 3. 

Proof. We split the proof in two parts. 

Proof of (4.6) 
Notice that by combining the Sobolev embedding: 



-^ 2(r. + l) 2^ ^ 



2n(r>+l) 



with (1.3) we get 

||u(t,a;)|| 2(n+i) 2^(„+i) < 00. 



On the other hand (1.1) impUcs 

l|w(i,a;)||ioo^2« < 00 

and hence by interpolation 

(4.8) ||M(t,a;)|| 2(,.+2) 2„(„+2) < oo. 

^^„-2 ^J„-2)(„+l) 

Recall that u{t, x) solves: 

□« = -Au|M|2*"^ (t, a;) G R X R", n > 4 

w(0) = / e H\R"),dtu{0) = ge L^iR'^), 
and hence by Strichartz estimates (see [6]) we deduce: 

(4.9) \\u{t,x)\\ ^ ^ <c(||/||^. + ||5|U2 + |A|||«^|| ^ . 

By combining this estimate with (4.8) wo get (4.6). 
Proof of (4.7) 

Notice that the proof of (4.6) fails in dimension n = 3 since in this case the end- 
point Strichartz estimate (i.e. a version of (4.9) for n = 3) is false. Next we shall 
overcome this difBculty by using lemma 4.1. By combining (1.3) (where we choose 
n = 3) with the Sobolev embedding: 

we deduce that 

(4.10) u{t,x)GLtLl\ 

On the other hand due to (1.1) and due to the Sobolev embedding ij^(R^) C 
L''(R3)), we get 

\\uit,x)\\L'^Ll < 00. 

Hence by interpolation we get: 

(4.11) \\u\\l^lio < oo. 
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Next notice that u{t, x) & X solves the following Cauchy problem with forcing term: 

□u = -Aw^ {t,x) e R X R3 

u{0) = feHl,dtu{0)=gGLl. 

By combining this fact with lemma (4.1) (where we choose F = —Xu^) and (4.11) 
we deduce: 

ll«lk?L~L? < + hhl + |A|||«||i5^xo) < 00. 

□ 

Proof of proposition 4.3 We shall prove proposition 4.3 in dimension n = 3 
by using as a basic tool (4.7). It will be clear that the same argument works in 
dimension n > 3 provided that we use (4.6) instead of (4.7). 

Since now on we shall assume n = 3. Notice that for every T > we have: 

/ / \ufdxdt= / / (/ \u{t,ruj)fdoj)r'^drdt 
Jt jbr Jt Jo Js'^ 

<B? / ( / \u{t,ruj)\^duj)drdt 
Jt Jo Js^ 

<R^ [ sup / \u{t,ruj)\'^dwdt 
Jt re{o,R) Js^ 

= i?3 /( sup \\u{t,rOj)\\Llf dt = i?^||w||i2((T,oo);L?oLS)- 

J r6(0,oo) 

By combining this fact with (4.7) we get the following implication: 

Ve > there exists Ti(e) > s.t. hmsup ^ / / \u\^dxdt < e. 
Of course by a similar argument we can prove that: 

(•-72(e) /■ 

Ve > there exists T2(e) > s.t. limsup — / / \u\'^dxdt < e. 

R^oo R J-oo Jbr 

In particular, if we choose T(e) = max{Ti(e), T2(e)}, then we get: 
(4.12) Ve > there exists T(e) > s.t. 

limsup-^ / / \u\^dxdt<€. 

R^oo R jR\(-T(e);T(e) J Br 

Hence the proof of proposition 4.3 (in the case n = 3) will follow from the following 
fact: 

cT 



(4.13) VT > we have limsup ^ / / dxdt = 0. 

R^oo R J-T J Br 

[older inec 

/ \u{t)f dx<R^u{t)\\le, 

Jbr 



I Br 

Notice that by using the Holder inequality we get: 



'Br 

and this implies: 



2^-^11 ii2 
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By combining this fact with (1.1) and with the Sobolev embedding C L^, we 
finally get (4.13). 

□ 

Proof of theorem 0.2 First of all let us recall the following identity 

(4.14) V^uDl^V^u = + ^\Vru\\ 

where is a radially symmetric function. By using this identity and by choosing 
in the identity (0.8) the function tp = {x), then it is easy to deduce that 



IL 



dxdt < 00. 

|x|>l \X\ 



In particular we deduce: 

(4.15) lim / / I^I^rfa; = 0. 

R^'^J J\x\>R m 

and 

(4.16) lim 4 / / iVrMp dxdt = 0. 

R^oo R J Jg^ 

By combining (4.2) with (4.16) we get (0.10). 

Next we shall prove (0.9). For any fc G N we fix a function hk{r) S C^(R; [0, 1]) 

such that: 

(4.17) hk(r) = 1 Vr e R s.t. Irl < 1, hk(r) = Vr G R s.t. Irl > 

k 

hk{r) = hk{-r) Mr G R. 
Let us introduce the functions ipk{f'),Hk{r) G C°°(R): 

(4.18) Vfc(r') = (r- s)hkis)ds and iJfe(r) = / hk{s)ds. 

Jo Jo 

Notice that 

poo 

(4.19) ij'^ir) = hk{r), ^'^(r) = Hkir)\fr G R and lim drMr) = / hk{s)ds. 



Moreover an elementary computation shows that: 

Aa.Vfc < 7^ Va;GR",n>3 

(x) 



and 

C 

(4.20) A^^/;fc(x) = —f^ Va: G R" s.t. \x\ > 2 and n > 4, 



(4.21) A^V>fe(a;) = Va; G R^ s.t. \x\ > 2, 

where is the bilaplacian operator. Thus the functions <p = tjjh satisfy the as- 
sumptions of proposition 4.2. In the sequel we shall need the rescaled functions 

(4.22) ipkM^) = Ri^k (J) Vx G R", fc G N and R>0, 
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where ipk is defined in (4.18). Notice that by combining the general identity (4.14) 
with (0.8), where we choose tp = tjJk,R defined in (4.22), and recalHng (4.19) we get: 



(4.23) / y (^a,t,^fc,i^|5|,,< + ^^|v.« 



A.^tpk,R + - \u\ Axi>k,Rj dxdt 

hk{s) ds^ J (|V,/|2 + ^l/f + |g|2) dxyk€N,R> 0. 
Notice also that due to (4.21) we get: 

J J lAltpkMM'^ dxdt < J J lul"^ dxdt 
provided that n = 3, and in particular by using (4.5) we get 

(4.24) lim // \Al^k,R\\u\'' dxdt = 0. 
In the case n > 4 we use (4.20) in order to deduce: 

(4.25) j j^JAliPkMH^ dxdt 

<C\-L I I \u? dxdt +11 S dxdt] . 



J J Br J JR"\Bn , 

On the other hand an explicit computation shows that if we choose in (0.8) V = {x), 
when n > 4, then we get: 

(4.26) / / 1^ '^^'^^ < CO for n > 4, 

that in conjunction with the Lebesgue dominated convergence theorem, (4.5) and 
(4.25) implies: 

(4.27) lim / / lA^V^fe dxdt = forn > 4. 
By using (4.24), (4.27), (4.3) and (4.15) we get: 

(4.28) ^lim^ y y (^ai^iV'fc.K^^^ - \Al^k,RH + ^AxV-fe./ilwl'*) dxdt = 

for every A; e N and for every dimension n > 3. We can combine this fact with 
(4.23) in order to deduce: 

(4.29) lirn^ J J df^^4'k,R\d\x\u\^dxdt 

= hk{s)ds^ I (|V./r + ^l/r* + \9\') dx e N. 

On the other hand, duo to the properties of hk (see (4.17)), we get 
^ / / ^^M'^^'^dxdt < j J df^^ipk,R\(^\x\ufdtdx 

= j hk (^) \di^\u\'^dtdx <^jj \di^\u\'^dxdt 
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that due to (4.29) implies: 



(4.30) limsupi / / la,, 

fl-»00 -tt J J Br 

< hk{s)ds^ J (IV./P + ^\ff + \g\') dx 

< ^±1 liminf 4 / / \d\^\u\^dxdt Vfc e N. 



Since fc € N is arbitrary and since the foUowing identity is trivially satisfied: 



POO 

lim / hk{s)ds = 1, 



we can deduce (0.9) by using (4.30). 
The proof is complete. 

□ 

5. Proof of theorem 0.3 

First step: proof of (0.11) 

Following [16] we multiply the equation (0.1) by (fu and integrating the correspond- 
ing identity on the strip {—T,T) we get: 

(5.1) r I {\dtu\''-\^xu\'-\\uf)^+]-\u\^I^^^dxdt 

= ^± / dtu{±T)u{±T)ifi dx 

By taking the limit as T — > oo and by using proposition 3.2 we get (0.11). 

Second step: proof of (0.12) 
For any A; e N we fix a function (pk{r) & Cq°(R; [0, 1]) such that: 

fc + 1 

(5.2) ipk(r) = 1 Vr e R s.t. Irl < 1, ipk(r) = Vr G R s.t. Irl > — — , 

k 

Vk{r) = <fik{-r) Vr G R. 
We also introduce the rescaled functions 

Notice by combining the cut-ofl[ property of the functions (fk with (4.2) and (4.5), 
we get: 

lim / / ipk R dxdt = lim / / \u\'^Axipk r dxdt = Vfc G N 
R-^'x J J ' R^oc J J 

in any dimension n > 3. By using this fact in conjunction with (0.11), where we 
choose (p = ipk,R, we get: 

(5.3) ^lim j j {\dtu\^ - |Vxw|^)<^fc,ij dxdt = Vfc G N. 

Notice that by combining (5.3) with the cut-off properties of ipk we get: 

(5.4) Vfc G N there exists R{k) > s.t. 
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4/ / \dtu\^ dxdtK^-^f [ dxdt + l;\fR>R{k). 

J J Br K K[ — ) J JB^^k^^ « 

By combining (5.4) with (0.9) and (0.10) , we get: 

limsup-j; / / \dtuf dxdt 

R^OO RJ J Br 

and in particular 

limsup— / / \dtuf dxdt 

fl^OO R J J Br 

< JiN.f\'+^^\fr + \9\')dx. 

Similarly one can show that: 

liminf^ / / \dtu\^ dxdt 
R^oo R J Jg^ 

Jj\^jf + ^^\fr + \9f)dx, 



> 

and finally we get: 



lyi^ \dM'dxdt = J{\V,f\' + ^\ff + \g\^)dx 



= lim ^11 |VccUp dxdt 



R 



lim — 

R^OO R J J Br 

R^oo R . 

where at the last step we have combined (0.9) with (0.10). The proof of (0.12) is 

complete. 

Finally notice that by combining (0.9), (0.10) and (0.12), we get (0.13). 

□ 

6. Appendix I 

The aim of this appendix is to show that the -norm of the solution to the 
following Cauchy problem: 

(6.1) 0^ = 

u{Q) = feHldtu{0)=g&Ll 
goes to zero as t ^ ±oo. Notice that this fact represents a slight improvement 
compared with the usual Strichartz estimate 

\Ht,x)\\L^Ll' <CmHl + \\9\\Ll). 

On the other hand in proposition 6.2 we shall show that in general no better result 
can be expected. In fact wc shall show that there cannot exist a-priori any rate on 
the decay of the -norm of the solution to (6.1). 

Along this section, when it is not better specified, we shall denote by T{t){f,g) the 
solution to the Cauchy problem (6.1) with initial data (/, 5) computed at time t, 
i.e.: 

T{t):HlxLl3{f,g)-^u{t)(^Hl 
where u{t,x) solves (6.1). 



20 



LUIS VEGA AND NICOLA VISCIGLIA 



Proposition 6.1. Let u{t,x) G Ct{Hx) ^^ti^x) unique solution to (6.1), 

then 

lim \\u{t)\\L2,=0. 

t— >±oo ^ 

Proof. We treat for simplicity the case t ^ oo (the case t ^ —oo can be treated 
in a similar way). Notice that due to the Sobolev embedding and the conservation 
of the energy we have: 

(6.2) IWmlr <si\NMt)\\li + \\dMmli) 

= S{\\Vxf\il. + \\g\\hjy{f,g)eHlxLl 
In particular the operators T{t) introduced above, are uniformly bounded for every 



t > in the space C{H^ x L^,L^ 



^ ^xi ^x J- 

On the other hand we have the following dispersive estimate (see [18]): 

(6.3) \Ht,x)\\L^ < ^(11/11 + ll^ll .^) 

(here B^^ denotes the standard Besov spaces) . Notice also that the Fourier repre- 
sentation of the solution to (6.1) implies: 

(6.4) \Ht)\\Li<Cm\Li + \\9\\H-^). 
In particular by combining (6.3) with (6.4) we deduce: 

hmir < ll"(^)ll!s=il«IIZf < ^ V(/,5) G Co°°(R") X Co~(R"), 
where C = C{f,g) > 0. As a consequence we get 

(6.5) lim \Ht)\\L^' = V(/,g) G CfTXR") X Qr(R"). 

t — *oo 

It is now easy to remove in (6.5) the regularity assumption (/, 5) G C^(R") x 
Co°(R"') by a classical density argument. 

□ 

Notice that the previous result represents a slight improvement compared with 
the usual Strichartz estimate: 

\\u{t,x)h^^.^ <C{\\f\\^.^ + \\gh.). 

On the other hand next proposition shows that in general no better result can be 
expected, since there cannot exist a-priori any rate on the decay of the -norm 

of the solution to (6.1). 

Proposition 6.2. Let 7 G C([0, 00); R) be any function such that 
Then there exists g & such that: 



lim j(t) = 00. 



ll^*(*n)||Lr > ^ 



where {t„} is a suitable sequence that goes to +00 and 
(6.6) = 

u{Q) = Q,dtu{Q)=g&Ll. 
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Proof. We claim the following fact: 

(6.7) \\S{mciLl,Lr) >eo>0 where 

S{t) ■.Ll3g^ u{t) e if 
is the solution operator associated to the Cauchy problem (6.6). 
Notice that due to (6.7) we get: 

\^-l{t)\\S{t)\\c(L2^^Ll') = 00, 

and in particular due to the Banach-Steinhaus theorem the operators "f{t)S{t) 
cannot be pointwisely bounded, or in an equivalent way there exists at least one 
g & such that: 

(6.8) sup 7(t)||5(t)ff|L2. =00. 

[0,oc) 

On the other hand the function j{t)\\S{t)g\\j^2' is bounded on bounded sets of 
[0, oo), and hence (6.8) implies that 

Iimsup7(t)||6'(t)s'||i2- = oo 

t—*oo 

and it completes the proof. 

Next we shall prove (6.7). Let us fix /i e such that: 

ll/ilUj = 1 and \\S{l)h\\L2, = ||w(l,ar)|L.. = % > 

where u{t, x) denotes the unique solution to (6.6) with g = h. 

A rcscaling argument implies that u^{t,x) = e^~^u(et,ex) solves (6.6) with initial 
data g = he = e^h{€x). In particular this implies that: 

S ^-^ he = e^~^u{l,ex) and ||/ie||i,2 = 1, 

and hence: 

\\ciLl,Lr)>\\s(^\^ heh., 

= e*-i|mi,ex)|Lj. = ||w(l)|Lj. = ||5(l)/i|Lj. =r?o>OVe>0. 
The proof of (6.7) is complete. 

□ 

7. Appendix II 

This section is devoted to the proof of proposition 2.1. Let us underline that its 
content is well-known in the literature, in particular it contains the equipartition 
of the energy principle first proved in [4] by using Fourier analysis. 

The aim of this section is to present a proof that involves the conformal energy. 
Proof of prop. 2.1 First of all notice that (2.1) implies: 

lim / \dtu(t)f = lim / \dMu(t)\'^ dx. 

t— »CX) J t— »(X) J ' ' 

By combining this fact with (2.2) and with the following trivial identity: 

|Vxw|^ = |a|^|u|^ + |Vr«|^ 
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we can deduce (2.4). Hence it is enough to prove (2.1) and (2.2) in order to deduce 
(2.4). 

Next notice that by a density argument it is sufficient to prove (2.2), (2.5) and (2.6) 
under the stronger assumption (/, g) G C^(R") x C^(R") in order to deduce (2.1), 
(2.2) and (2.3) under the weaker assumption {f,g) G x L^. 
Since now on we shall assume that {f,g) G C^(R") x C^(R"). Following [5] we 
introduce the conformal energy factor 

[{t^ + \x\^)dtu + 2ntXjdju]. 

Since Du = we get for every T > the following identity: 

= V / / [(i^ + \x\'^)dtu + 2tXjdju]nu dxdt 
= J^{T^ + \xf){\dMT)\^ + \WMT)f) + 2nTrd\^\u{T)dtu{T) dx 

- / |ixp(iv,/p+i5ndx 

+n(n - 1) y j t{\dtu\^ + |Vxw|^) dxdt, 

where we have used the Stokes formula. 

Notice that this identity implies the following inequality: 

(7.1) j (T^ + \x\^){\dtu{T)\^ + |V,w|2) + AT\x\d\,\u{T)dtu{T) dx 

< j N^dv./p+i^ndx. 

On the other hand we have the trivial pointwise inequality < |VxWp that 

can be combined with (7.1) in order to give: 

(7.2) j (r2 + \x\^){\dtu{T)\'' + |5|,|un + AT\x\d\,\u{T)dMT) dx 

< J \x\'{\^J\' + \gndx, 

and 

(7.3) J{T^ + \x\^){\dtu{T)\' + \VMT)\')-'^T\x\\VMT)\\dtu{T)\ dx 

< J N'(|V./|2 + |5|2)da;. 
Next recall the basic inequality: 

(a + bf{c + df + (a - hf{c - df 
< 4(a2 + ?,2)(c2 + d^) + iQahcd Va, 6, c, G R 

whose proof is completely elementary. By combining this inequality with (7.2) and 
(7.3) we get respectively: 

j{T+ \x\f\dtu{T) + d\,\u{T)\^ + {T- \x\f\dtu{T) - d\,\u{T)f dx 
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<4j \x\\\\/,f\' + \g\')dx, 

and 

J {T+\x\f\\dMT)\ - |V.«(T)||2 + (T - \x\f\\dMT)\ + \VMT)\f dx 
<Aj \x\WWJ\' + \g\^)dx. 

This in turn implies: 

(7.4) j \dtu{T) + 5|,|«(T)|2 dx<^J \x\\\VJ\' + \g\^) dx, 

(7.5) J \\dMT)\ - \VMTW dx<^j |xr(|V./p + \g\^) dx, 
and 

(7.6) / \\dtu{T)\-\WMT)\? + \\dtu{T)\ + \y,u{T)f dx 

J2\x\<T 

<^J \xn\V,f\' + \g\')dx. 

The proof is complete. 

□ 
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